In this paper, for the first time, we have reported the nonlinear dynamics of three 
Introduction
The resistor, capacitor, and inductor which are the three basic elements of any circuit design have recently encountered the missing fourth element-'Memristor', that relates between the flux-linkage (φ) and the charge (q). HP lab first reported an experimental version of Memristor in 2008 [1] . That two terminal physical model achieved a resistance depending on the history of current. Memristor is modeled as a thin semiconductor film ( ! ) sandwiched between two metal contacts. The semiconductor film has a region with low resistance !" (high concentration of dopants), and the remainder has higher resistance !"" (low concentration of dopants). The total resistance of the Memristor ! , is the sum of the weighted resistances of the doped and undoped regions depending on the width of the regions. Before this establishment of the passive Memristor Leon O. Chua first envisioned its existence [2] . He proposed and built Memristor with active elements [2, 3] . During the long thirty years the theoretical Memristor was investigated independently or along with the other three passive components ( , , and ) [4] [5] [6] . After the successful physical model implemented by HP, Memristor has enraptured the research world for its unprecedented behavior. Researchers have demonstrated its potential for being used as a memory switch which offers the replacement of conventional transistor [7] [8] [9] [10] [11] . The nonvolatile memory applications of Memristor lead to more dense architecture where this nanoscale element is being implemented in crossbar arrays to perform either as a latch or logic module [12] [13] [14] [15] [16] [17] .
Apart from the digital domain Memristor is shown to have pragmatic solution for chaotic system [18, 19] . The analog circuit behavior of Memristor has not been studied much [20] [21] [22] rather more works are involved for chaos and bifurcation in dynamic systems.
Oscillators are the widely used signal generators of sine waves with various frequencies. For the well-known oscillators, it is established that:
1) all the resistors of the sustained oscillatory system must present constant value,
2) all the poles of the oscillatory system will be fixed in s plane to give sustained oscillation, 3) sustained oscillation will have a single frequency component in the Fourier spectra.
But for the parametric oscillator the parameters of the oscillatory system are periodically changed. It is observed in mechanical system, optical system (mainly in lasers), and physiological system. For example, a person on a swing initiates the oscillation of the swing by changing his center of gravity periodically [23] . But this kind of oscillation only occurs when the periodical parameters are applied externally. Because of time varying nature of parameters, it is more theoretically familiar to the linear time variant system in control systems and mechanics.
The system is modeled by Mathieu equation in which the parameters are periodic function of time to describe such instability phenomenon [24] . Though realizing such oscillation with electrical circuits has not been studied much, even such demonstration requires external force which makes the system non autonomous [25] .
Recently [26, 27] 
For sustained oscillation, the frequency of oscillation ( ) and the condition for the gain ( ) can be derived as:
For the conventional case (3) and (4) are simplified by taking ! = ! = ! = which gets the value of as 29 and as:
The characteristic equation for this system has three roots, two of those are complex conjugate roots and the other is a real root. Traditionally it is well believed that those roots must be fixed to their distinct locations for the whole oscillation period. In addition to that the resistors must show constant value as any change in the value will make the oscillation unstable.
The next section will describe in detail about the Memristor based 3 rd order system where all the three resistors are changed with Memristors as shown in Fig.1 . The state space in the nonsaturation conditions of this circuit can be written as follows
For simplicity, let us assume ! , ! , and ! are equal valued (1 ). The SPICE model in [28] is used to simulate the effect of Memristor resistance ! in phase shift oscillator. !" is changed to 0.5 (for Wien oscillator it was 0.1 ). The different value of !" for the two oscillators does not alter any result. Only the factor gets changed to 50000 (for Wien oscillator it was symbolized with and the value was 10000 as in [27] ). !"!# is the only variable parameter and it is changed from 6.1 Ω to 6.9 Ω for simulation.
The analytical models for the Memristor resistance in case of periodic input and DC waveforms were described in [29, 30] . These formulas were provided for both symmetrical and non-symmetrical periodic inputs. In [27] , we showed that for oscillating ! , the maximum ( !"! ) and minimum ( !"# ) can be calculated if !"!# is known. The amplitude swing ( !"# − !"# ) of ! can be expressed as:
! is the frequency of oscillation when ! replaces any resistor of the circuit. ! is the voltage across the Memristor.
Memristors-based phase shift oscillator with equal
In this section we will demonstrate the effect of one Memristor replacing all the resistors of the three − sections of the conventional phase shift oscillator. In this case ! , ! , and ! are replaced with ! ( Fig. 1 ). As ! is found to be oscillating then ! can be represented as:
Here ! is the sinusoidal amplitude and !"# is the average value of the oscillation.
Oscillation in RM:
From the simulation result, sustained oscillation is found even with oscillating behavior of ! . Though !" (0.5 ) and !"" (16 ) are supposed to be the most likely parameters for ! , sustained oscillation with an average value of !"# is achieved. In and !! is found as 233 for !"!# = 6.5 . For other values of !! , !! can be well estimated as ! (for different ! but in correspondence to !! ) with a maximum error of less than 1%. When !"!# is changed from 6.1 to 6.9 , the maximum error between simulation and calculation is calculated to be 1.22%. It is found that !! is also oscillating with a maximum amplitude of 6.55
and minimum amplitude of 6.28 . !"#! is found to be 6.415 which is shifted down from !"!# by 0.085 . The amplitude swing of !! (∆ !! ) from simulation is 0.27 and if we use (7) then the swing is calculated to be 0.27 . From the simulation it is found that ! (voltage across ! ) = 69.7 (when ! = 6.5 ) and !! (voltage across !! ) is 69.4 for !"!# = 6.5 . Maximum error in calculating !! using (7) is then found as 6.3%. 
Time dependant oscillating poles:
In [26, 27] we showed the Wien oscillator can have oscillating poles which are time dependent. Even for phase shift oscillator similar time dependent oscillating poles are found.
The Memristor-based phase shift characteristic equation is time dependent as in (9a) which is similar to the linear time variant (LTV) parametric oscillation system. Using some algebraic simplifications, these coefficients can be obtained as in (9b) to (9d) where they are function of time. The solution of (9a) will have three time dependent roots. These roots will have one real root and the other two are complex conjugates. These roots are defined in terms of the coefficients ( , , , and ). The coefficients in (2) can be derived as:
From (9), it is found that except the other three coefficients are completely dependent on
As poles of such system are dependent on ! and because of the oscillating behavior of ! , the poles will follow the time dependent oscillation as ! . The real pole is found to have little effect for this case as it is located far from the imaginary axis. But this real pole shows oscillating behavior with time dependent. The two conjugate poles are also oscillating with time. As a result the poles will be oscillating in the s plane. This is surprising to have all the poles of this third order system to be oscillating with time and yet sustained oscillation is achieved in the output. In Fig. 4 , the time dependent oscillating poles are shown for the three cases. One of the complex conjugate poles for this system is displayed in Fig. 3(a) . Here we can see that the pole is not fixed but oscillating in different planes with different amplitude for the three cases. Mirror image is found for the conjugate pole. Fig. 3(b) represents the oscillating real pole of the system. This instability phenomenon of dynamic poles results in sustained oscillation only because of the automatic adjustment by the oscillating ! parameter.
Frequency of oscillation:
The frequency of oscillation for this system ! can be modified from (3) as:
As all three Memristors are oscillating, one may expect that the frequency of oscillation will have a range rather be single valued as in conventional case. But from the simulation the output is found oscillating presenting an impulse on FFT. Though the width of the impulse is little broader than the impulse attained from the traditional case. If we plot ! 's using (7) versus ! (in Fig.5 for !"!# = 6.5 Ω), ! 's will be seen to merge on !"!# at higher frequency. This in fact the case with Memristor as at higher frequency Memristor works as a simple resistor. Now assuming that !"#! , !"#! , and !"#! are equal to !"!# (though !"#! and !"#! are shifted from !"!# by 0.085 Ω and 0.08 Ω respectively), then replacing ! by !"!# ± ! in (10) we can again plot !"!# vs ! as shown in Fig.4 . This curve will intersect each ! 's curves (zoomed in Fig.4) at two frequency points which will give the valid frequency region for this Memristor based third order system to oscillate. As there are three frequency ranges the oscillatory system chooses the common region of operation.
Though the system has a frequency range to operate, sustained oscillation can only be possible at that frequency which is obtained from the intersection point of !"!# vs ! curve with !"!# line. For !"!# = 6.5 Ω, ! from Fig.4 is found 10.03 whereas from simulation ! is observed to be 10 . It is necessary to point out here that all the poles of this system are found to be oscillating in s plane. But the dominating conjugate pole crosses the imaginary axis when ! = !"!# (≈ !"# ). This might be the crucial reason for the system to settle down at one intersecting frequency to give sustained oscillation.
Nevertheless the range of frequency of oscillation gives the hint of possible region for sustained oscillation. Apart from the graphical method of estimating ! , using (8) and (10) ! can be analytically expressed as:
Using (11), ! can be calculated for this system. Fig.5 compares the simulated and the calculated values of ! for different !"!# . The maximum error in approximating ! is 0.67%
which is very negligible.
Gain (k) adjustment:
For the traditional phase shift oscillator the necessary condition for sustained oscillation is to have = 29. For this Memristor based third order system, gain can be derived as:
As ! is oscillating so is expected to behave as sinusoid which is modeled in (11) . From simulation it is observed that sustained oscillation is possible only for a certain value of .
When !"!# = 6.5 , the simulated value of for this case is found as 28.75. To mathematically calculate the value of , three different methods are taken: (i) As !"!# is very close to !"# so !"!# can be directly put in place of ! in (12) . is found to be exactly 29 in this straightforward method. (ii) Another way can be, if we replace the sinusoidal ! in (11) using (8), it will give against as a function of which is plotted in Fig. 6 . The average value of this curve can be computed by integrating the curve for the half cycle of ! and dividing it by the half time period of ! . The average value of becomes as 29.0862.
(iii) The third method is that, can be plotted against ! using (12) for different values of !"!# (for this !"!# is changed from 6.1 to 6.9 ) as in Fig. 7 . In addition, by integrating this curve and averaging under the limit of integration, the calculated value of can be found as 29.087. All of these three methods give a very close value of with the simulated one.
Even when !"!# is changed to any value (from 6.1 to 6.9 ) all these methods are well applicable with a maximum error of 1.03%, 0.99%, and 1.01% respectively for the three methods.
Memristors-based phase shift oscillator with unequal
In this case, !"!# is put differently for the three Memristors. In previous section !"!# was same for all ! . The other parameters in the SPICE sub circuit is kept similar as before.
Even with different !"!# , all the three ! are found to be oscillating and output oscillation is also sustained. More importantly irrespective of whether the three ! have same or different !"!# , they keep the exact amplitude swing in ! with same !"# as compared to the swing of ! in section 3. As for example, when !"!#! is 6.5 Ω, !! oscillates from 5.65 Ω to 6.55 Ω independent of the !"!# values of !! and !! . Similar things happen to !! and !! . Table 2 shows the results in details. Here colored labels are shown for each ! to present the observation of fixed swing of ! . Even the shifting of !"# from !"!# is fixed.
The reason behind this incident can be the fact that, ! is almost constant for a certain !"!# and ! of one Memristor does not depend on the !"!# values of other ! s'. If one examines the colored labels in Table 2 , it can be seen that !! , !! , and !! are constant depending on the !"!# of the corresponding ! and they do not alter values because of the similar or different !"!# of others. It should be pointed out here that even the phase differences of the three ! are constant and so based on these observations and using (8) , the three ! (in Ω)
can be expressed as
! here can be computed using (10) and ! can be replaced with !"!# . As all the ! do not have common !"!# so the graphical approach (Fig. 4) of estimating the frequency of oscillation is not appropriate in this case. But frequency of oscillation can be computed using (10) . In Table 2 both the simulation and calculated values of frequency of oscillation are mentioned and it is found that the error is very negligible. It is to be pointed out here that dynamic poles are also observed in this scheme. To compute the gain, similar methods are applicable as mentioned in previous section. But due to uncommon !"!# and as the ! have slight phase differences (in previous section the phase differences are not considered),
estimating the gain will not be a good choice. Gain of the Memristor based phase shift is defined by ! / !! , as !! is oscillating so gain values will not be constant but will inversely follow !! . It does not mean that we are manually tuning the gain but it is more an intuitive observation as shown in Fig. 8 for !"!#! = 6.9 Ω, !"!#! = 6.5 Ω, and !"!#! = 6.1 Ω. To incorporate the phase difference, ! is used as (13) . From Fig. 8 , it is observed that gain of this circuit oscillates to adjust with !! in order to have an average gain of 26.5
and from the conventional case the gain is found 28. The more sensible approach would be to compare ! as ! is tuned to get the sustained oscillation. We therefore used (12) with ! = !"!# and compared with simulation and for all cases the values of ! are listed in Table 2 . It is found that ! using (12) gives matched result with simulation with a very negligible error less that 1%.
In above discussions we change the parameter !"!# in the SPICE model. We have the freedom to change the !" and !"" parameters also. When either !" or !"" is changed, it is observed that none of them have any effect on sustained oscillation. All the values listed in Table 2 remain exactly the same whatever !" or !"" is, except the swing of ! gets changed without any deviation in phase of ! as mentioned in (13) . If we see (7), the swing of ! is found to be linearly dependent on ( !"" − !" ). So as the difference between !"" and !" is decreased, the swing of ! decreases and vice versa. This observation is also evident in the SPICE simulation. Moreover the swings of ! from the simulation does match with the calculated swing using (7) with negligible error. But it should be kept in mind that the difference between !"" and !" should not be as low to restrict the complete swing with respect to ! .
Conclusion
We reported the unprecedented characteristics of Memristor in conventional phase shift oscillator. The effect of using Memristor in place of resistor have been described 
